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The author has shown in [1] how biorthogonal systems of functions can be used
to obtain explicit solutions of problems of mechanics (in the form of series in
terms of the specified systems) which could not be obtained by other methods.
Below it is shown that such solutions can be constructed for problems which can
be described by the following equation:

Lg=f (feH g H) (0.1)

where L is a linear operator acting from the Hilbert space H’ to the Hilbert
space H. The plane contact problem of the theory of elasticity is used to
illustrate the method,

1. The systems {En} = EOv Eiv o v oy Eny oo {nn} =Mor N1y -+ s My - - -
of the elements of H shall be called biorthonormed or B -systems {2] if

(&n, Nm) = Bpm; Oum = 0, 1 7= m; Oy =1

The B -systems are important, since for any element f < H we can obtain the
following formal expansions;

f= mz___lo(fvgm)rlm1 f: mgo(f, "rlm)gm (1.1)

To construct the B -systems we introduce two systems of elements {¢,} and {¥n}
and construct the determinants of the type

bee  bor ... bon
e e e e e <n=0,1,2,...) 1.2
B = | bys,obntt -+ bacin| \Bo = boo :
bro  bm e by
bpm = ((an "pm) (1.3)

We shall call the systems  {¢,} and {,} B -linearly independent if B, %= 0
(n=0,1,2, ...).
A method of constructing the B -systems in explicit form is given by
Theorem 1., Thesystems {g,} and ({y,)} constructed fromany B-
linearly independent systems {@,} and {¥n} according to the formulas

boo blo . e bn()
£t e e e e e e
g‘n = ’ Em.* = (1.4)
VB nB n—1 bo. n—1 bl, n—1 - bn, n—1
Po P1 cre Pp
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boy  bor .. bon
M* * e
M = —F=====—) N]n~ =
VBan«I bn——l, 0 bn~1, ) SLI bn-—-l, n
1p4) 1)71 L wn

(ﬂ:O,i,z,...;B_lff 1;§n*:(po;n()*:'\po)

areB-systems,

The proof of the theorem is simple and follows the known proofs (see {3] ). The
explicit formulas obtained for the B -systems can be transformed into the following
recurrent formulas:

| A, [(Pn (®ny ;) EJ} (1.5)

Mn Yn - jory (wm g]) 1
o]

Agz = Unn — 2} (wm ‘E})(cpm 73;')
=0
In certain particular important cases the formulas (1.2), (1.4) can be considerably
simplified, Lete.g.
(Pny Ym) = bpm = 0, n<m (1. 6)
Then we obviously have

n
Bn = H b]’h ﬂn* = Bn——lwn
je=0
Expanding the first determinant in (1.4) by the first column and using (1, 6), we obtain

¥ = 2 ComPm>  Cnam = {— 1)n—~m ApmBm_1
M=)

Here A,m denote the (n — m)-th order, almost triangular determinants

bm—{»-l, m bm+2, m s . bn—l. m bn,m

bm+1,m+1 bm+2, mty - - - bn——l,m-H. bﬂ, m-1
Apm = |0 brto, miz - -« Opy, mie bn, mie

0 0 . bw—-l, el b‘n,n-—l

m=0,142,...,n—1
App =1, An. n—1 = bn, n—1
An,n—z = bn. nv—lbn-wl, n—2 — bn——l, n——lbn, n—2
performing the elementary operations (be'ginning from the lowest row), we can reduce

this determinant to the triangular form and obtain

* * * * L7
Anm = bn, n-1bn-1, n—zbn——z, n—3 ¢ -+ bm+2, m+zbm+1, m ( )

m=0,1,2,...,n—1
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by

% k=n—1,n— —
br,5 = b, j — —5— bipa, ; ( k=3,
k-1, & i=0,1,2,... bk ;=bn;

2. Tosolve equation (0, 1) we require a system of elements {{,} defined by

the explicit
bgo 601 oo b(]’!’l
G e, L= | (& = %)
= e, T == == 2.1
" ]/ BﬂBﬂ—~i Y1, 0 bn»i, e bn——i, n * ko ¢ )
IXQ %1 Y
Or recurrence
‘n‘:"‘l 2.9
Con=An [Xn - _}.gl (Pns &) gf] 22
=

formulas, with {y.} = H'.

Let us introduce the linear operators 4 and B actingin H, and Hp respectiv-
ely, with the corresponding domains of definition in H and H’ respectively., Let ug
take any two systems {0,} & H, and {1,} & Hp and construct the systems {g,}),
& H and {§,} & H’ using formulas '

¢p = Aoy, P, = LBt,, n = 0,1, 2, ... (2.3)

Assuming now that the above systems are B -linearly independent, we use them as
the initial systems for constructing the B -systems (1.4). After this we construct the
system {{,} & H'’ using the formula (2,1) and taking into account (2.3) where the
system  {y,} & H’ is defined by the formula

Yo =B, n=20,12,... (2.4)

Wwe shall show now thatthe formalsolution of (0, 1)is given inexplicit form by the
formula

g= Y httn= Y080 55— (2.5

m—1
m=0 ma=0

Indeed, from (2.3) and (2,4) we have Ly, = ,. Taking this into account and
comparing the second formula of (1, 4) with (2. 1), we find that

LGyp = M {2,6)
Taking this into account and operating with L on the series (2.5), we arrive at the
first series of (1.1),
Let us note some particular cases of the solution (2.5), pPuttinge.g. B = [,
A = (L*)! in(2.3) and (2.4) {i.e. 4 is the converse of the conjugate operator
LYY, o =1, = Ypn (Hs = Hp = H' = H) and assuming that the system
{Xn} is complete in H and orthonormal, we find that

(Aopn, LBty = (L* 1y, Ly} = (¥ns Ym) == Onm

and hence
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P = En = I*EIXm Yn = Nu = L'X,n

With this in mind, we find that the formula (2. 5) is transformed into the known form-
ula (see [4], p. 373)

g = 2 U/, L* "Yon) ¥ 2.7
m=0
If on the other hand we assume that
A:L’BT:LUI"L:TYLT:‘XmHA:HBmH/ (2.8)

then from (2.3) we find that ¢, = ¢, = Ly,, and comparison of the formulas(1, 4)
and (2, 1) yields the relation L{, = f, = v,. The formula (2,5) which represents
the solution of (0, 1) will in this case assume the form

¢ = O/ Lon) b (2.9)
M=)

which was obtained using a different approach by Kozin [51.
We obtain another important case by setting in (1, 2)—(1,4) and (2, 1)—(2. 4)

A:Bxf, Gﬁ:Tn:Xn::q)n, HA:HB:HI::H (2'1())

and assuming that the operator L is symmetrical [6], This yields the relations

b=t L& =1 (2.11)
In this case the solution of (0, 1) will assume the form
= %}0 (f, Em) Em (2.12)

which coincides with the formula obtained by a different route by Mikhlin in [7].
Finally, setting in (2, 1)—(2.4) and (1, 2)—(1.4)

A=1, BzL*,Tﬂ:)Gn::(Pns}HA:HB::H,7—’}.{ (2.13)

we arrive at the relations
An = L¥@n, Ny = LL¥En, LT, = 1, (2.14)

and it can be shown that in this case the solution (2, 5) of (0, 1) represents in explicit
form the Enskog [8] method of solving the integral Fredholm equations,
We also note that if

(f'l gm)“O, F?’i>N
then the series (2, 3) is replaced by

N
g= D (Fh&n)im
me=p

This will occur e.g, inthe case when
N
f= 3 a¥; (b;= LBty (2.19)
i=0
where a; are arbitrary constants, since the method of constructing the first system
of (1.4) implies that (Vi &) =0 when j<m.
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3. We illustrate the application of the above formulas by considering the plane
contact problem of impressing a die with symmetric profile b (z) without corners,
into an elastic half-space. As we know [9], the problem can be reduced to that of
solving the integral equation (3,1) with conditions (3, 2)

Sm..ﬁ_f_.ap(g)dgxc_.b(x), lz|<a 3.1
5P(x)d$=P, pld=a)y=0 (3.2)

el

Here p (z) is the contact stress sought, P is a given compressive force, 2a denotes
the length of the region of contact in question and ¢ is an arbitrary constant (which
can be eliminated by setting in (3.1) z = ( and subtracting the resulting expression
from (3,1)). As a result we have

z = as, § = ao, (s) = —b (as), 7 (0) = ap (av) (8.9)
and in place of (3, 1) we can write

(3.4)

Lg = Sllnl cc lVWg(G)da:f(s), ls]<<1

—§
<1

Here the unknown function g¢(s) is replaced by & (s) continuous over the range
—1 < s<{1 and connected with it by the formula

g =V1—4¢ g0 (3.9)
and this enables us to satisfy, a priori, the second condition of (3.2) with the
first condition assuming the form

1

(q)as = [ VT=sg(s)ds=P (3.6)
—1

-1

For the particular case of (0, 1) obtained here, we take L% (—1,1), as H’ and
L% (—1,1) as H , with the scalar product of the type

@hH= t—syng(s)f(s)ds
—1

In order to utilize the formula (2, 5) in solving the integral equation (3,4), we
must fix the elements in (2, 3) and (2. 4), and we shall assume in these formulas that
A=1I Hjy=H = L?D(-—i,i), B=1 Hp=H =L*(-—1,1)

— 4T ()%, n=10

Tn=Xn=Un(s)y Qn=0n=1,(s)= {47;3"&'21’,, (s),

3.7

n=1,2,...

where T, (s) and U, (s) denote the Chebyshev ( Tschebyscheff) polynomials of
first and second kind, Moreover we have

1
Y = LU, = S In

-1

. ’Vi——a”Um(c)do

fo
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Computing the last integral with help of the formula

B 1 U, (s)yds
5 in -
|o—s] (1 — o2/
. (m 15 3]y, 3/,
{ 272 2 £ )1t Py 7 ), m>1
Yam(2In2 — Ty (s)], m =10
which follows from the results of {10}, we obtain
Yo = LUq = - [T5(0) — Ta(s)] = — “232 (3.8)
Y = LU,y =
(m —NDln

—mtfp, B[y . p—*n =M
272 (2 - )N P ™" O) = Priz ")), m>1
The Jacobi polynomials appearing here can be written in terms of the Chebyshev poly-
nomials according to the formula
3f1, ~—f2 _ I'GCh+m) m —
P TN = e (o Tt () = T (6))
m=0,1,2,...
by utilizing the known recurrence formulas (see [11] ).

Let us now turn to the problem of constructing the B-systems (1.4). We calcul~
ate the scalar product

(Pn, Pm) = Sl 00 g § IH! ° ]VmUm(c)da
=1

Vi_,sz §—s
—~1

by changing the order of integration and using the relations [10]

1
_1_S In 1 Tald) 4o {1n2-To(0), n=0
fs—0o| yT_—a nir(c), n=1,2,3,...

—1

Next we use the formulas
1

S VI—=0Un(0)Tn(0)d0 = - Bp,m — - Onetympr, R >1
—1
to armrive at

(q}m wm) = (tm wm) = 6m, n 6m+1,n—-1» n_>> 1 (3.9)
((Po, wm) = (to, wm) = }‘m, m = O, 1, 2, Ve

(m—nromtet
ho=1, hp= ““ﬁm m—{a ’[(0)

which can also be written as
(2m — 112237 5/,
(dm - DN0m - DIV, 7
m=12,...

Aoy =0, Ropy = (— 1ym (3,10)
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provided that we use the formula

(fa+a/2), (1 +af2),

(=1 P (0) = —— g m

The latter formula can be obtained using the generating function for the Jacobi poly-
nomilas P3P (z) for a = p [i1].

Let us now compute the determinants (1,2), (1.4) and (2,1), Although in the case
in question the condition (1, 6) is not completely fulfilled, nevertheless we succeed in
completing the computations of the determinants in question using the operations des-
cribed below, Writing out the determinant (1, 2) with (3, 9) taken into account and
expanding it by the elements of the bottom row, we find that

Bomar = Bomy Bom = hom + Bamy, m=0,1,2, ...; B, =0
Consequently, taking (3, 10) into account we obtain

m
3.11
B?m-f—l == Bzm == Z?\«zj == ( )
Fe=0

) Z (— 1Y (2] — D129 3,65/,
@ FOUG + D)y

m=0,1,2,...

=1
Expanding the first determinant of (1,4) for 7 = 2m (m = 0,1,2, ...) by the
elements of the last column and using (3.9), we find that

E,:m (S) = Bgm.gtzm + §§m.,g == 21 Bg]’.‘gtgj (S) + E?;, m = '1, 2, e (3' 12)
F==
§o* = @o = 1, (5)

Fortheodd n = 2m -+ 1 the determinants in question can be reduced, by virtue
of (3,9), to the triangular form (by performing the obvious linear transformations of
the columns), The corresponding calculations yield

a ~ 3.13
§:m+1 (s) = Bam E{,’ tai(s), m=0,14,2,... (3.13)
==

The second determinants of (1,4) with condition (3, 9) are also easily calculated for
theodd 7 == 2m -+ 1
Nemsr () = BymPomss (), m =0, 1,2, ... (3.14)
In the case of n = 2m , we should make the last term of the first row equal
to zero by linear combination of the first and last row, and reduce the algebraic com-
plement of the last term of the bottom row to the triangular form, This, with (3,11)

taken into account, yields the formula
m-—1

Mo (8) = Bam—sPam = Aom 20 Yoj, m=1,2,... (3.15)
Jz
Mo* = Yo (5)

1t is obvious that the determinants (2, 1) can be obtained from the determinants
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just discussed by replacing $m by Xm = Up, (s), i.e.
m—]

C,;‘m (S) = B2m—2U2m (3) —_ }"2m Z Uzj (S) = BZm—ZUzm (S) — (3. 16)

A
T — S = Tan(s)], m = 1,2,

Lo* = %0 = Uo(s); Lomt1(5) = BamUsmia (s), m=0,1,2,...

Substituting the formulas (3. 11)—(3. 16) into (2.5) enables us to write the explicit ex-
pression for the solution of the integral equation (3,4) with (3, 5) taken into account

EY 1
Em™* (9) f (9) Em* (5)
9(s) = Vl—s2ZS 40 (3.17)

m-m—1

We note an important (for the contact problems {9] ) particular case of (3. 4) just
solved, in which the right hand side has the form

N .
flo)= 3 b5
=1
Using (3. 8) we can write it, in this case, as a linear combination of the functions
Ysj (), i.e. we arrive at the case (2, 15), In this case the series (3, 17) representing
the solution of (3.4) becomes a finite sum,
In particular, when a parabolic die acts on an elastic half-space and we have [9]

f(s) = — ya%? (y = const)

then the series (3,17) is reduced to its first term and (3. 11)—(3. 16) together with(3.7)
yield
2ya

Vi—s

Substituting this expression under the integral sign in (3. 6), we obtain a formula for
determining the size of the area of contact; +ya? = P, which coincides with the known
formula,

q(s

4, Let us touch upon the problem of rigorous proof of the formal solution (2,5)
of the equation (0.1), We can see that fulfilling e. g, the conditions; a) systems of
elements (2,3) are B -linearly independent; b) the operator L is defined and
continuous everywhere in H’; c¢) the first series of (1, 1) converges in H to the
element f, and d) series (2,5) converges in H , is sufficient for a rigorous proof
of validity of the solution obtained, The condition a) can be conveniently verified
with help of the following theorem:

Theorem 2, Ifthesystem {g,} islinearly independent and the system
{yn} is defined by the formula

Y = Kgp, n=0,1, 2, . (4.1)

where the following inequality holds for the operator K (acting from H’ into H)
in its domain of definition;
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(f KN>0, f+#0 (4.2)

(i. e, the operator K is positive [6] ), then the systems {¢,} and {{,) are B-
linearly independent,

To prove this we substitute into (4, 2) an arbitrary element of the form

f= e (e +0) (4.3)
=0 =0
and use (4, 1) to obtain
UK = 2 2 (4 @) ejor > 0 (4.4)
7=0 k=0

Strict inequality is guaranteed here for any element of the form (4. 3), since the
case f = 0 1isexluded by virtue of the condition that the system {g,} is linearly
independent, The inequality (4,4) on the other hand implies that the B -matrix gen-
erates a positive quadratic form, and this as we know from [12] implies the strict pos-
itiveness of its subsequent principal minors which in the present case coincide with
the B -determinants, and this proves the theorem.

In accordance with this theorem the condition a) will hold for the case (2. 13)
provided that the equation L*g = 0 has a null solution only, since we then have

VYo = LL*g@, and therefore

(fy LL*f) = (L*f, L*f) > 0, L*f = 0 (f %= 0) (4.9)
In this case a Fredholm operator, say, will be fully acceptable as L , i.e,
L=1-—-M\AK (4. 6)

(K is a completely continuous operator) and the values of A coinciding with the
eigenvalues of the operator L can be eliminated,

In the case (2, 10) the condition a) will hold by virtue of the theorem, if the
operator L itself is positive, i.e., if the inequality (4, 2) holds for this operator,
Such a situation may occur e, g. when the operator is integral and generated by a
kernel of the form

Ly ={p®)i@t)l(y,1)dQ (4.7
Q

>0 (z,y,t=Q)

Next we explain when the condition c¢) holds. We restrict ourselves to the cases
(2.10) and (2.13), Equation (4. 1) holds in the first case only when K = [, andin
the second case only when K = LL* i,e, the operators K are symmetric in both

cases and have the property (4,2). It can be verified that for such operators the choice
of the complete system {gp,) implies the completeness of the system {}. More-
over, the B -systems (1.4) generated by the systems {@,} and {¢,} will be
complete in H.

Further we note that the symmetric operator defined everywhere in H is bounded
{6], and this means that the system {&,} is a Bessel system by virtue of the known
assertion (see [2], p. 438). This is due to the fact that K is a bounded positive
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symmetric operator which transforms the system  {£,} , according to (2,11) and
(2.14), into its conjugate {M,}.

it is known (see [13] ), that the symmetric operators with property (4, 2) have in-

verse operators which are also symmetric, The latter will be defined everywhere in
H provided that L is a Fredholm operator, i.e. provided that it can be written in
the form (4.6). Indeed, in the case (2,13) when K™ = (LL*¥)! = [*1[71
this follows from the fact that when } isnot an eigenvalue, equations Lg = f and
L*g=f have a unique solution for every fe= H. In the case(2,10), when k!

= L1, the assumption that L is positive made in order to satisfy the condition
a), implies that it is symmetric (see [14], p. 352) and has positive eigenvalues, Con-
sequently in the present case K1 is defined everywhere in H provided that A << 0
in (4. 6), since the equation Lg — f has 2 unique solution for every fe= H,

Thus K™! is a bounded symmetric operator in both cases (see [6] ) and the rela-
tion E, = K7ln, holds by virtue of (2,11) and (2,14). This implies that {£,}
is not only a Bessel system, but also a Hilbert system (see [2], p. 439), and this means
that {E.} and {n,} are Riesz-Fischer systems (see [2], p. 440). The latter fact
implies the existence of constants M and N such, that forevery fe= H

méo (&) S ME( 11 mZ;o (fmm)® << NE(LF I (4.8)

The above inequalities make pessible the proof of weak convergence of the series(1, 1)
in H, and this is equivalent to their convergence in H to f (see [6]). Indeed,
when the first series of (1, 1) converges e, g. weakly to f, then by virtue of the
weak completeness [6] of the Hilbert space H it is sufficient to show that the sequ-
ences (f™, g)(n = 0,1, 2,...), where g denotes any element of # and f™ are
the partial sums of the series of (1. 1), are bounded. This is easily done with help of
the inequalities (4. 8).

Next we find whether the last condition d) holds, In the case (2. 10) the converg-
ence of the series (2,5), or more accurately of (2, 12), follows from the fact that the
equations

(L = L*) (f’ Em) = (Lgv gm) = (g» Lgm) = <g$ nm)

transform it into one of the biorthogonal series (1. 1) the convergence of which was
proved for any element belonging to H. On the other hand, the convergence of
(2.5) in the case (2,13) can be proved provided that we assume that the system {£,}
is, in the present case, orthonormal and the inequalities (4. 8) hold.

Thus the formal solution (2, 5) of (0, 1) is shown to hold in the case (2, 13), provid-
ed that L is a Fredholm operator, i,e, that it can be wiitten in the form (4. 6), while
in the case (2.10) it must also be positive. To ensure the latter property, if is suffici-
ent (see [14], p. 352) to assume that A << 0 and K in (4, 6) are self-conjugate.

A strict proof of (2,5) demands, in the general case, the foreknowledge of finer
properties of the B -systems,
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